Introduction
The Seiberg-Witten invariant of a closed connected oriented 3-manifold M is an integer-valued function SW = SW (M ) on the set of Spin c -structures S(M ) on M . This function is defined under the assumption b 1 (M ) ≥ 1 where b 1 is the first Betti number; in the case b 1 (M ) = 1 the function SW depends on the choice of a generator of the group H 1 (M ; Z) = Z. The definition of SW runs parallel to the definition of the Seiberg-Witten invariant of 4-manifolds, cf. [Mo] , [MT] , [MOY] .
It was observed by Meng and Taubes [MT] that a weaker function SW (M ) is essentially equivalent to the Alexander polynomial of M . Their proof of this remarkable theorem is based on the interpretation of the Alexander polynomial as a Reidemeister-type torsion, see [Mi] for the case of 3-manifolds with boundary and [Tu1] for the case of closed 3-manifolds.
In 1989, the author introduced so-called Euler structures on manifolds and their combinatorial torsion invariants, see [Tu4] . In dimension 3, the Euler structures are equivalent to Spin c -structures. Combining these facts with the constructions of torsions introduced in the author's earlier papers, one obtains a combinatorially defined function T = T (M ) : S(M ) → Z, see [Tu5] . This function is well defined for b 1 (M ) ≥ 2 and depends on the choice of a generator of H 1 (M ; Z) = Z for b 1 (M ) = 1. The function T determines the Alexander polynomial of M . These facts and the Meng-Taubes theorem strongly suggest a close relationship between the functions SW and T .
The following theorem is the main result of this paper.
Theorem 1. For any closed connected oriented 3-manifold M with b 1 (M ) ≥ 1, we have SW (M ) = ± T (M ).
This theorem implies that for any Spin c -structure s on M we have SW (s) = ± T (s) where the sign ± is determined by M and does not depend on s. This yields a combinatorial computation of the Seiberg-Witten invariant at least up to sign. A more general theorem including the case of 3-manifolds with boundary will be formulated in Section 4.
There are reasons to believe that the sign ± in Theorem 1 is always + so that SW = T . A proof of this would require a careful treatment of signs and orientations in the Seiberg-Witten theory (for more on this, see Section 4.4).
The definition of the Seiberg-Witten invariants applies also to 3-dimensional rational homology spheres and yields a metric-dependent function S → Z. For a study of the resulting parameter-dependent invariants, see [OT] . P. Kronheimer introduced a metric-independent version of SW for rational homology spheres by adding a compensation term. Y. Lim and W. Chen proved that this version is equivalent to the Casson invariant. The torsion function T is well-defined for 3-dimensional rational homology spheres and takes values in Q. It would be interesting to find an analytical interpretation of T in this case.
Our proof of Theorem 1 is indirect. We formulate certain axioms for an abstract numerical invariant of Spin c -structures on 3-manifolds and show that there is at most one invariant (up to sign) satisfying these axioms. It turns out that both SW and T satisfy the axioms, hence SW = ± T . One of the main axioms is a gluing formula standard in the theory of torsions and established by Meng and Taubes [MT] for the SW-invariants via hard analytical computations. The proof of Theorem 1 is similar in spirit to the Meng-Taubes argument in [MT] , the essential difference is that they knew only a weaker version of T corresponding to the Alexander polynomial (= Milnor's torsion). Note that they used an axiomatic characterization of the multivariable Alexander polynomial of links in S 3 due to the author, cf. [Tu3] . It would be most interesting to give a direct proof of the equality SW = ± T . For a possible approach, see [HL1] , [HL2] .
The paper consists of four sections. In Section 1 we recall basic facts concerning the Spin c -structures on 3-manifolds and introduce so-called relative Spin c -structures. In Section 2 we formulate our axioms for a numerical invariant of Spin c -structures. In Section 3 we show that there is at most one invariant satisfying these axioms. In Section 4 we briefly argue that both SW and T satisfy the axioms and deduce that SW = ± T .
Notation. Throughout the paper the homology and cohomology are taken with integer coefficients unless explicitly indicated to the contrary.
Spin
c -structures on 3-manifolds 1.1. Spin c -structures on closed 3-manifolds. Let M be a closed oriented 3-manifold. Endow M with a Riemannian metric and consider the associated principal SO(3)-bundle of oriented, orthonormal frames
The group H 1 (M ) = H 2 (M ) acts on S(M ) as follows. If E → M is a principal U (1)-bundle corresponding to an element of H 2 (M ) and if F → M is a Spin c -structure on M , then U (1) acts on E × F in the diagonal way and we obtain a principal U (2)-bundle (E × F )/U (1) → M . Analyzing the fibre bundle BU (2) → BSO(3) induced by the projection U (2) → SO(3) it is easy to observe that the action of H 1 (M ) = H 2 (M ) on S(M ) is free and transitive. The action of H 1 (M ) on S(M ) and the group operation in H 1 (M ) will be written multiplicatively.
Using the determinant representation det : U (2) → U (1), every Spin cstructure s ∈ S(M ) defines an associated complex line bundle, det(s). Its first Chern class defines a mapping
It follows from definitions that c(hs) = h 2 c(s) for any s ∈ S(M ) and h ∈ H 1 (M ).
Relative
Spin c -structures. The notion of a Spin c -structure readily extends to 3-manifolds with boundary. We shall consider here only 3-manifolds whose boundary consists of tori and define relative Spin c -structures extending the canonical Spin c -structure on the boundary.
Let M be a compact oriented 3-manifold whose boundary consists of tori. Let us endow M with a Riemannian metric. The restriction of the tangent bundle T M to ∂M splits as a direct sum R ⊕ T (∂M ) where R is the trivial line bundle over ∂M . (We agree that the tangent vector looking outward M corresponds to +1 ∈ R). The orientation of M induces an orientation of ∂M , so that T (∂M ) is an SO(2)-bundle. This bundle admits a canonical trivialisation (or rather a canonical homotopy class of trivialisations). On each component X of ∂M the trivialisation is induced by a decomposition of X as the product of two oriented circles. Considered up to homotopy, this trivialisation of T X does not depend on the choice of decomposition X = S 1 × S 1 . Indeed, it is invariant under the Dehn twists along the circles S 1 × pt and pt × S 1 . Thus, the bundle T M| ∂M has a canonical trivialisation which is well defined up to homotopy fixing the first vector. Therefore T M| ∂M admits a canonical Spin c -structure.
Consider the principal SO(3)-bundle of oriented orthonormal frames, f M :
we mean a lift of f M to a principal U (2)-bundle whose restriction to ∂M is induced by the canonical trivialisation of T M| ∂M . More precisely, a relative Spin c -structure on M is an isomorphism class of a triple (a principal U (2)-bundle
The condition on β means that projecting β to F/U (1) and applying α we obtain the canonical trivialisation of T M| ∂M . By homotopy of β we mean a homotopy in the class of sections satisfying this condition.
The set of relative Spin c -structures on M is denoted by S(M ). Representing elements of H 2 (M, ∂M ) by principal U (1)-bundles over M trivialised over ∂M and using the construction described in Section 1.1, we obtain an action of
This action is free and transitive so that S(M ) is a principal homogeneous set over H 1 (M ).
Using the determinant det : U (2) → U (1), every s ∈ S(M ) determines an associated complex line bundle, trivialised over ∂M . Its first relative Chern class belongs to 
It is easy to see that its image consists of all odd powers of t (recall that we use multiplicative notation for the group operation in H 1 ). Indeed, the relative Chern class c(s) ∈ H 1 (M ) agrees modulo 2 with the relative Stiefel-Whitney class w 2 ∈ H 2 (M, ∂M ; Z/2Z) = H 1 (M ; Z/2Z) which is the first obstruction to extending the canonical trivialisation of T M| ∂M to M . It is clear that this obstruction is non-zero and therefore c(s) is an odd power of t. In particular, there is a unique s t ∈ S(S 1 × D 2 ) such that c(s t ) = t.
Gluing of
Spin c -structures. Let M be a compact oriented 3-manifold whose boundary is either void or consists of tori. Assume that we have a finite family of disjoint embedded tori Σ ⊂ M which splits M as a union of two 3-
There is a natural mapping
c -structures and defined as follows. Let s 0 ∈ S(M 0 ) and 
where i r is the inclusion homomorphism
Axioms for an invariant of Spin c -structures

The basic setting. A 3-manifold M is said to be homology oriented if the vector space H
For closed M with b 1 (M ) = 1, we shall need to specify a generator of the infinite cyclic group
Denote by M the class of compact, connected, oriented, homology oriented, and H 1 -directed 3-manifolds whose boundary is either void or consists of tori and whose first Betti number b 1 is non-zero. Note that the latter condition is superfluous in the case of non-void boundary because b 1 (M ) ≥ b 1 (∂M )/2 for any compact oriented 3-manifold M .
Denote by S the class of pairs (a 3-manifold M ∈ M, a relative Spin cstructure s on M ). Throughout Section 2 we asume that we have a mapping v : S → Z. We shall formulate four axioms on v. Here is the first axiom.
Axiom 1 (Topological invariance). If two pairs (M, s), (M , s ) ∈ S are homeomorphic, i.e., if there is a homeomorphism M → M preserving the orientation, the homology orientation, the distinguished generator of H
The remaining three axioms will be formulated in Sections 2.2, 2.3 and 2.4, respectively.
Support of v.
It is convenient to split the second axiom in two parts concerning the cases b 1 ≥ 2 and b 1 = 1, respectively. Denote
Axiom 2 (first part). For any 3-manifold
By Axiom 2, in the case
For a 3-manifold M ∈ M with b 1 (M ) = 1, the infinite cyclic group 
Excision formula. Consider a 3-manifold
Clearly, E is a compact connected 3-manifold with boundary consisting of ∂M and m tori. It is called the exterior of L. The orientation of M induces an orientation of E in the obvious way. We shall formulate an axiom relating v(M ) and v(E).
To consider v(E), we need to provide E with a homology orientation. By assumption, the vector space H * (M ; R) is oriented. The vector space 
Formula ( * ) needs a few comments. By Axiom 2, v(E) ∈ Z[S(E)] so that the left-hand side of ( * ) is a well-defined element of
On the right-hand side of ( * ) we use the pull-back action of the group ring
The condition b 1 (E) ≥ 2 in Axiom 3 is not too restrictive. It is automatically
Axiom 3 has important implications concerning the case b 1 (M ) = 1. Assume first that ∂M = S 1 × S 1 . It is clear that any element h ∈ H 1 (M ) can be realised by an oriented knot in IntM . If the order of h in H 1 (M ) is infinite then the first Betti number of the exterior of such a knot equals 2. Formula ( * ) implies that for any h ∈ H 1 (M ) of infinite order,
This follows from ( * ).
Normalisation. The remaining fourth axiom for v involves the Alexander polynomial of links in S
3 . Consider an m-component link L in S 3 with exterior E. Set H = H 1 (E) (this is a free abelian group of rank m). Recall that the multivariable Alexander polynomial A L of L is an element of the group ring Z[H] defined up to multiplication by ± h with h ∈ H. The Alexander polynomial of L is completely determined by the fundamental group of E. It is often described as a Laurent polynomial in m variables corresponding to the meridianal generators of H. For our purposes, it is more convenient to view A L as an element of
In the next axiom and in the sequel, the sphere S 3 and the exteriors of links in S 3 are endowed with the right-handed orientation.
Axiom 4 (Normalisation).
Let L ⊂ S 3 be an m-component link with m ≥ 2. Let E be the exterior of L (with right-handed orientation). Then for any homology orientation of E and any s ∈ S(E), the sum
Note that inclusion ( * * ) follows from Axiom 2, since b 1 (E) ≥ m ≥ 2. A small computation shows that if the condition of Axiom 4 holds for one s ∈ S(E), then it holds for all s.
Uniqueness Theorem 3.1. Let v, v : S → Z be two mappings satisfying Axioms 1-4. Then for any 3-manifold M ∈ M, v(M ) = ± v (M ).
The proof begins with a few lemmas. We assume everywhere in this section that we have two mappings v, v : S → Z, satisfying Axioms 1-4. By the meridian of an oriented knot in S 3 we shall mean an oriented meridian whose linking number with the knot equals +1. 
Proof. The cylinder M is homeomorphic to the exterior E of a Hopf link, L ⊂ S
3 . Composing if necessary such a homeomorphism with an orientation-reversing involution M → M we can assume that the given orientation of M corresponds to the right-handed orientation of E. We orient L so that the induced homology orientation of its exterior E corresponds to the given homology orientation of M .
(Note that when the orientation of a component of L is reversed, the induced homology orientation of E is also reversed). By Axiom 1, it suffices to prove that v(E) = ± v (E) = ± s 0 for a certain s 0 ∈ S(E).
The Alexander polynomial of L is equal to 1. Axiom 4 implies that the function s → v(E, s) : S(E) → Z takes value 0 on all s ∈ S(E) with one exception s 0 where it takes value ± 1. Similarly, v (E, s) = 0 for all s ∈ S(E) with one exception s 0 such that v (E, s 0 ) = ± 1. It remains to show that s 0 = s 0 .
The group of the isotopy classes of orientation-preserving homeomorphisms of the torus S 1 × S 1 can be identified with SL 2 (Z). This group acts (up to isotopy) on E via the product of its action on the torus and the identity on [0, 1]. It is clear that this action preserves the orientation and the homology orientation of E. By Axiom 1, the induced action on S(E) preserves both v and v . Therefore it fixes both s 0 and s 0 . It is clear that the mapping s → c(s) : S(E) → H 1 (E) commutes with the action of SL 2 (Z) on the sets S(E) and H 1 (E). The only element of H 1 (E) fixed by the action of SL 2 (Z) is the neutral element 1. Therefore c(s 0 ) = c(s 0 ) = 1. Now, the formula c(hs) = h 2 c(s) shows that the mapping c : S(E) → H 1 (E) is injective. Hence, s 0 = s 0 and v(E) = ±v (E).
Lemma 3.4. Let M be the 3-dimensional solid torus S 1 × D 2 provided with an orientation and a homology orientation. Then v(M ) = ± v (M ) = 0.
Proof. As at the beginning of the previous lemma, we can identify M with the exterior of an oriented trivial knot
Let E be the exterior of L in M provided with the orientation induced by the one of M and with the homology orientation induced by the given homology orientation of M and the orientation of L, cf. Section 2.3. The manifold E is homeomorphic to Note that in * (v(E)) = ± in * (s 0 ) = 0 where s 0 ∈ S(E) is defined in Lemma 3.3. Therefore v(M ) = 0.
Lemma 3.5. Let E be the exterior of a link
L = L 1 ∪ ... ∪ L m in S 3 such that L 1 , ..., L m are unknots and lk(L 1 , L i ) = 0 for i = 2, 3, ..
., m. Then for any homology orientation of E, v(E)
Proof. The proof goes by induction on m. The case m = 1 was considered in Lemma 3.4. Let m ≥ 2. We assume that our claim holds for links with < m components and prove it for an m-component link L.
Let us orient L so that the given homology orientation of E is induced by the orientation of L and the canonical homology orientation of S 3 determined by the basis [pt] ∈ H 0 (S 3 ), [S 3 ] ∈ H 3 (S 3 ). Set H = H 1 (E). We claim that there is an element g ∈ H such that v(E) = ± gv (E). To see this, fix s 0 ∈ S(E). By Axioms 2 and 4, the sums 
This implies v(E) = ± gv (E). We show now that v(E)
We provide N with the homology orientation which induces (together with the orientation of L i ) the given homology orientation of E. By Axiom 3 and the inductive assumption,
where in * is the inclusion homomorphism Z[S(E)] → Z[S(N )]. Combining these equalities with v(E) = ± m j=1 t n j j v (E) and using Lemma 3.2 and the inductive assumption v(N ) = 0 we obtain j =i t n j j = 1. Therefore n j = 0 for all j = i. If m > 2, then applying this to i = 2 and i = m we obtain n j = 0 for all j. If m = 2, then i = 2 and we have only n 1 = 0. However, by symmetry between L 1 and L 2 in the case m = 2 we have also n 2 = 0. Thus, n j = 0 for all j, so that g = 1 and v(E) = ±v (E).
Proof. The case m = 1 being covered by Lemma 3.4, it suffices to consider the case m ≥ 2. Let K be an oriented knot in E whose linking numbers with all components of L are non-zero. We can choose K such that it is unknotted in
Lemma 3.7. Let E be the exterior of a link L in S 3 . Then for any homology orientation of E, v(E) = ± v (E).
Proof. Let us call a link in S 3 weakly trivial if all its components are unknotted. It is well known that there is a link K ⊂ S 3 \L such that the exterior,Ẽ, of K ∪ L is homeomorphic (via an orientation preserving homeomorphism) to the exterior of a weakly trivial link in S 3 . Moreover, one can choose K so that all its components are homologically non-trivial in S 3 \L. The previous lemma and Axiom 1 imply that v(Ẽ) = ± v (Ẽ). Then applying Axiom 3 and Lemma 3.2, we obtain v(E) = ± v (E).
For completeness, we outline the construction of K. Let us present L by a link diagram X. Switching certain over-crossings to undercrossings we can transform X into a diagram of a weakly trivial link, L . In fact, we have to switch only selfcrossings of components since we need only to undo the individual components of L. At each crossing x where we make the switch, consider a small unknotted circle S 1 x which encircles the two branches of L involved in the crossing. This circle bounds a small disc pierced by L twice. We choose S 1 x so that L pierces this disc twice in the same direction; this condition makes sense for unoriented L because the two branches of the crossing lie on the same component of L.
x be the link formed by these unknotted circles appearing at the crossings x of X where we make the switch. Then the link K ∪ L is weakly trivial. We shall show that the exteriors of K ∪ L and K ∪ L are homeomorphic. For every crossing x as above, choose a small regular neighborhood
3 encircled by the solid torus U x ; this means that
is an annulus formed by longitutes of U x . We assume that L meets each 2-disc D 2 × t transversally in two points. Consider a self-homeomorphism of the cylinder D 2 × [0, 1] rotating D 2 × t to the angle 2πt around its center in a certain direction. We take the disjoint union of such homeomorphisms acting in the cylinders encircled by {U x } x and extend it to a self-homeomorphism ϕ of S 3 \(∪ x IntU x ) acting as the identity outside these cylinders. It is easy to see that for an appropriate choice of the rotation directions above, ϕ(L) = L . The homeomorphism ϕ induces a homeomorphism of the exteriors of K ∪ L and K ∪ L . 
3.9. Proof of the equality v = ± v for 3-manifolds with boundary. Let M ∈ M be a compact, connected, oriented, homology oriented 3-manifold with b 1 (M ) ≥ 1 whose boundary is non-void and consists of tori. We shall prove that v(M ) = ± v (M ). First of all, we present M as the exterior of a link, L , in a closed, connected, oriented 3-manifold, N such that the meridians of the components of L represent elements of H 1 (M ) of infinite order. To construct N choose on every component of ∂M a simple closed curve representing an element of infinite order in H 1 (M ) and glue 3-dimensional solid tori to M so that their meridianal discs are glued to these simple closed curves.
As above, we can obtain S 3 by surgery on a framed link We claim that the function SW satisfies Axioms 1-4 of Section 2. Axiom 1 is a basic property of the Seiberg-Witten invariants which are defined using a Riemannian metric on M but do not depend on the choice of the metric. Axiom 2 expresses a fundamental and well known property of the SW-invariants. Axiom 3 appeared in [MT] , where it is formulated up to a certain indeterminacy related to Tors H 1 . According to G. Meng [Me] , the proof actually gives the precise formula without any indeterminacy. Axiom 4 follows from Theorem 1.1 of [MT] .
The function T .
Let M be a compact, connected, oriented, homology oriented, and H 1 -directed 3-manifold whose boundary is either void or consists of tori and whose first Betti number b 1 is non-zero. Recall the notion of a (smooth) Euler structure on M introduced in [Tu4] . An Euler structure on M is a nonsingular vector field on M directed outward on ∂M and considered up to homotopy and arbitrary modifications in a small ball in IntM . The set of Euler structures on M is denoted by Eul (M ). The group H 1 (M ) acts on Eul (M ) freely and transitively. There is a natural H 1 (M )-equivariant bijection Eul (M ) → S(M ) defined as follows. A nonsingular vector field u on M splits the tangent vector bundle of M as a direct sum Ru ⊕ u ⊥ . The oriented 2-dimensional vector bundle u ⊥ has the structure group U (1). This reduces the structure group of the tangent bundle of M to U (1) = 1 ⊕ U (1) ⊂ U (2). For more details, see [Tu4] , [Tu5] .
In [Tu5] the author used the theory of torsions to define a function Eul (M ) → Z. Combining it with the bijection Eul (M ) = S(M ) we obtain a function T : S(M ) → Z. We claim that the function T satisfies Axioms 1-4 of Section 2. Axiom 1 is a basic property of torsions which are defined using a triangulation of M but do not depend on the choice of this triangulation. Axiom 2 is established in [Tu5] . Axiom 3 follows from the multiplicativity of torsions; its weaker version appeared already in [Tu2] . Axiom 4 expresses the fact that the Alexander polynomial of a link can be computed as a torsion, see [Mi] . 
Remarks.
1. An interesting problem is to determine the sign in the equality SW = ± T . For link exteriors in S 3 this sign is always +. This follows from the fact that for the exterior of an oriented link L ⊂ S 3 both functions SW and T determine the Conway-normalised Alexander polynomial of L. Recall that the Alexander polynomial A L of L admits a sign-determined normalisation due to Conway (see [Tu3] and references therein). The Conway-normalised Alexander polynomial of L is an element of Z[H]/H where H is the first homology group of the exterior of L. Now we can formulate a more precise version of Axiom 4 for a function v : S → Z as follows. Both functions v = T and v = SW satisfy Axiom 4 . For v = T , this follows from the results of [Tu3] . For v = SW , this follows from Theorem 1.1 of [MT] . These facts and Theorem 4.3 imply that SW (E) = T (E). To compute the sign in the equality SW (M ) = ± T (M ) for an arbitrary 3-manifold M ∈ M, we need to know the sign ± in the excision formula for the functions SW and T . A computation for T is quite easy; the missing step is a computation of the sign in the excision formula for SW . 
